Polar molecules are an emerging platform for quantum technologies based on their long-range electric dipole-dipole interactions, which open new possibilities for quantum information processing and the quantum simulation of strongly correlated systems. Here, we use magnetic and microwave fields to design a fast entangling gate with > 0.999 fidelity and which is robust with respect to fluctuations in the trapping and control fields and to small thermal excitations. These results establish the feasibility to build a scalable quantum processor with a broad range of molecular species in optical-lattice and optical-tweezers setups. arXiv:1912.09419v1 [quant-ph] 
The field of ultracold molecules has seen enormous progress in the last few years, with landmark achievements such as the production of the first quantumdegenerate molecular Fermi gas [1] , the production of low-entropy molecular samples in optical lattices [2, 3] , the controlled production and trapping of single molecules in optical tweezers [4] [5] [6] , and magneto-optical trapping and sub-Doppler cooling of molecules [7] [8] [9] [10] [11] . These results bring significantly closer a broad range of applications of ultracold molecules, ranging from statecontrolled chemistry [12] [13] [14] [15] [16] [17] and novel tests of fundamental laws and symmetries of nature [18] [19] [20] [21] to new architectures for quantum computation [22] [23] [24] [25] [26] , quantum simulation [27] [28] [29] [30] [31] [32] and quantum sensing [33, 34] .
A key feature that sets polar molecules apart from atoms is the strong long-range electric dipole-dipole interaction (DDI) between them. Full exploitation of this feature requires tools to tune the DDI, by controlling the underlying molecular electric dipole moments (EDMs). A popular approach to this involves trapping the molecules in a two-dimensional array, which could be an optical lattice [14, 35] or an array of optical tweezers [4] [5] [6] . A static electric field mixes the rotational states [36, 37] , leading to an EDM dependent on the external field. The field needed to produce a laboratoryframe EDM close to the molecule-frame EDM, d, is E app B rot /d. For heavy bialkali molecules, whose rotational constants, B rot , are small, this is about 1 kV/cm, which is quite easy to achieve. For other molecules, especially hydrides, the required field can be hundreds of times larger, which is challenging. Another limitation of this approach is that the induced EDM depends on the strength of the polarising field, making the DDI between * michael.hughes@physics.ox.ac.uk † jordi.murpetit@physics.ox.ac.uk molecules highly sensitive to errors or fluctuations in this field.
Here, we describe an alternative approach to controlling the electric DDI that does not involve static electric fields, but relies instead on magnetic and microwave (MW) fields [28, [38] [39] [40] . First, we describe how to identify a two-level (qubit) space in polar molecules subject to magnetic and MW fields, and how to use these fields to implement one-qubit gates. Then, we employ the tunable DDI together with a shaped MW pulse [41] [42] [43] [44] to design an entangling two-qubit gate that has a large fidelity, F > 0.999, and is robust with respect to experimental uncertainties in the optical confinement, including thermal motional excitations. Given that our achievable fidelity is above the quantum-error-correction threshold [45, 46] , these results establish the feasibility of universal faulttolerant quantum computation [47, 48] with a wide range of polar molecules in scalable platforms. For concreteness, we illustrate our discussion with numerical results for CaF (X 2 Σ), which has been laser-cooled to temperatures below 10 µK [5, 8-10, 31, 49] . Our proposal is also applicable to bialkali molecules in their ground 1 Σ or 3 Σ states; to illustrate this, we present in Ref. [50] analogous numerical results for RbCs [3, 16, [51] [52] [53] [54] .
Controlling the molecular EDM with magnetic and MW fields. The first step in processing quantum information with polar molecules is to isolate a pair of levels to define a qubit space. To this end, we apply a homogeneous magnetic field of magnitude B 0 to separate the Zeeman components of the fine and hyperfine levels within a rotational manifold and MWs to couple a selected Zeeman state to a state in an adjacent rotational manifold [28] . We show in Fig. 1 the energies of the states in the N = 0 and 1 rotational manifolds of CaF in a magnetic field B, with N the rotational quantum number. For magnetic fields B > 30 G, the different Zeeman states within a rotational manifold are split by 10 MHz. This large splitting allows selected states within N = 0 and N = 1 to be coupled using MW radiation with negligible off-resonant excitation to other states, thus defining a qubit space, {|1 , |0 }. In the absence of a static electric field, the states {|1 , |0 } satisfy j|d|j = 0 (j = 0, 1), while 1|d|0 = d 10 , the transition EDM. They can be resonantly coupled by suitably polarised MWs of frequency ν mw ≈ ν mol , where hν mol (B) = E 1 (B) − E 0 (B), with E j (B) the energy of the bare state |j as a function of magnetic field, B. We also introduce E(B) = (E 0 (B) + E 1 (B))/2. In the electric dipole approximation, the MW coupling is
is a classical MW electric field, and d is the EDM operator, which we write d = d 10 |1 0| + d * 10 |0 1| ≡ d 10 σ x , where we assume d 10 is real and introduce σ x = |1 0| + |0 1|. Defining the Rabi frequency Ω = −d 10 · E 0 /h, we have H mw = hΩ cos(2πν mw t)σ x . Assuming the detuning, ∆(B 0 ) = ν mol (B 0 ) − ν mw , and Rabi frequency satisfy |∆|, Ω ν mw , we make the rotating wave approximation (RWA), and obtain the Hamiltonian in the rotating frame for a single molecule in the presence of magnetic and MW fields [50] ,
Its eigenstates evolve smoothly between |0 and |1 as a function of detuning, in such a way that they acquire the maximum EDM d 10 on resonance, as illustrated in Fig. 1(c) . Around resonance, the EDM generated has only second-order sensitivity to fluctuations in the control parameters. The effective Hamiltonian Eq. (1) is analogous to single-qubit Hamiltonians encountered in other quantum-information platforms such as trapped ions [55] , quantum dots [56, 57] , or superconducting circuits [58] . It allows single-qubit operations to be performed by changing the detuning or Rabi frequency, each of which can be controlled quickly and robustly in the MW regime. In a many-molecule array, single-molecule gates can be achieved e.g. by displacing the molecule of interest in a tweezer array [40] (see also [59] ) or, in an optical lattice, by Stark-shifting the target molecule using crossed laser beams [60, 61] . Simple entangling gate. We consider next the effect of the magnetic and MW fields on two identical molecules separated by a distance vector R [62] . The dipole-dipole interaction between the two molecules is
where d j is the EDM operator of molecule j,R is a unit vector in the direction of R, and 0 is the vacuum permittivity. Recalling the expression for d in terms of σ x , we (ii) θ = arccos 1/ √ 3 , and (iii) θ = 0. In case (i), the dipoles are side-by-side and we have H
In case (ii), H (ii) ddi = 0 and the coupling vanishes. Finally, in case (iii), which we use for our numerical simulations, the dipoles are head-to-tail and H
with the numerical factor |η| ≤ 2 accounting for the directional dependence.
Assuming now |∆|, Ω, |V |/h ν mw , we make the RWA and find the two-molecule Hamiltonian in the rotating frame (see Eq. (S.13) in [50] )
where |ij = |i A |j B (i, j ∈{0,1}), and we have introduced the Bell states |Ψ ± = (|01 ± |10 )/ √ 2. It is clear from Eq. (3) that H 2mol does not mix the symmetric and antisymmetric subspaces, spanned respectively by {|11 , |Ψ + , |00 } and |Ψ − .
In the absence of the DDI and MW coupling, the three symmetric states cross at ∆ = 0. The DDI shifts |Ψ + by V , which separates the three-level crossing into three dis- tinct two-level crossings, as shown in Fig. 2(a) . These become avoided crossings when Ω = 0. The avoided crossing between states |00 and |11 remains at ∆ = 0, while state |Ψ + has avoided crossings at detunings ∆ = ±V /h with |00 and |11 , respectively. A non-zero DDI, V = 0, thus allows separate addressing of the transitions |11 ↔ |Ψ + and |00 ↔ |Ψ + . The simplest way to show this is to consider a coherent transfer, e.g., from |00 to |Ψ + . We consider first an implementation using a Gaussian pulse, Ω(t), that has a root-mean-squared width τ rms and a constant detuning ∆; numerically, we switch on and off the pulse with a rectangular window function of length τ gate . We require max[Ω(t)] < |V | to ensure that the three avoided crossings are meaningfully separated, and a pulse duration τ gate h/|V | to be able to resolve the transition |00 ↔ |Ψ + from |11 ↔ |Ψ + . Under these conditions, we achieve a high fidelity for the transfer process, which we define as F = tr T † U (τ gate ) . Here U (τ gate ) is the unitary time-evolution operator on the whole two-qubit space, and is the desired transformation expressed in the basis {|11 , |Ψ + , |00 , |Ψ − }. The phase β is set by the chosen values of ∆ and τ gate . The main sources of error for this implementation of the entangling gate stem from uncertainties in the molecular transition frequency, i.e., in the actual value of the detuning. We estimate this by calculating the fidelity of the protocol as a function of a constant error in the detuning, as shown in Fig. 3 (a). We observe that the fidelity drops to ≈ 0.95 for detuning errors ≈ 100 Hz.
Robust entangling gates. It is possible to increase the robustness of the gate by utilizing more general driving schemes that exploit coherences in the full two-qubit Hilbert space. We use a second-order variant [63, 64] of the gradient ascent pulse engineering (GRAPE) algorithm [65] to design a pulse, Ω(t)e iξ(t) (Ω(t) ≥ 0), that implements the entangling gate Eq. (4). We set the gate duration τ gate = 0.5 ms (cf. the minimum achievable duration h/|2V | ≈ 0.27 ms) and optimize Ω(t), ξ(t), as step-wise functions in 5 µs steps, to maximize the gate fidelity over a wide range of values of ∆ and Ω. To this end, we introduce the relative Rabi frequency f Ω through Ω(t) = f Ω Ω opt (t), with Ω opt (t) the optimal amplitude; in the optimization process, we maximize the fidelity in the range 0.9 ≤ f Ω ≤ 1.1.
We have assumed so far that both molecules have been cooled to the ground state of their trapping potentials. As detailed in [50] , it is possible to design a pulse that implements the gate T even in the presence of a thermal occupation of excited motional states of the trap, if the system is deeply into the Lamb-Dicke regime. We assume that the system is initially in a product state of internal and motional states, ρ(t = 0) = ρ int ⊗ ρ motion , and that ρ motion is an incoherent superposition of trap states. We then design a pulse that drives the system into ρ(t = τ gate ) = (T ρ int )⊗ρ motion , and thus implements T irrespective of motional excitations. The complexity of the pulse optimisation grows quickly as we require it to generate the same phases for an increasing number of motional states. The procedure is thus practical only if the molecules are subject to effective cooling towards the motional ground state so thatn j 1, with n j the motional quantum number of molecule j = A, B in its trap. Then, the effect of thermal excitation can be dealt with by truncating the space of motional excitations to a maximum of n = 1 in total for the two traps [50] . The effectiveness of this approach is limited to samples cooled to temperatures T < hf trap /k B , where f trap is the trap frequency, so that the population of trap states n ≥ 1 is exponentially suppressed; for hotter samples, alternative approaches may become advantageous, cf. Ref. [66] .
We show in Fig. 3 (b) the fidelity of the GRAPEoptimised pulse that takes into account up to one motional excitation as described above, applied to a system in the ground motional state (n A = n B = 0), for direct comparison with the Gaussian pulse. The fidelity reaches very high values, F > 0.9999, for wide regions of the parameter space, and remains high, F > 0.999, for detuning errors ≤ 1.5 kHz, and ≤ 10% in the Rabi frequency. When applied to an initial state with up to one motional excitation, the fidelity decreases mildly due to the phase acquired by the antisymmetric state, which has not been included in the optimisation procedure. This notwithstanding, it is still F > 0.999 for practically the same region in parameter space as in Fig. 3 (b); see [50] . In general, we can generate a pulse to implement any gate in the symmetric space with similarly high fidelity and robustness.
The use of shaped pulses to transfer the two-molecule state quickly and robustly through the two-qubit Hilbert space also allows us to switch the DDI quickly. Consider molecules initialized in state |00 at ∆ |V |, where 00| H ddi |00 = 0. They can be driven to the lowest-energy dressed state at ∆ = 0 in Fig. 2(a) , where | H ddi | ≈ V ddi , maximizing the DDI between them; see Fig. 2(b) . If implemented by adiabatically following the dressed eigenstates of H 2mol , such a process typically requires a time 10 × h/|V |. Using shaped pulses, we can transfer |00 to any superposition a |00 + b |Ψ + + c |11 (|a| 2 + |b| 2 + |c| 2 = 1) with the desired value of | H ddi | in a shorter time ∼ h/|V |.
Guidelines for state selection. We expect that the dominant sources of error in implementations of our gates will stem from uncertainties in the transition frequency, ν mol . Uncontrolled shifts in ν mol arise in experiments due to imperfectly controlled Zeeman shifts and tensor Stark shifts. For a magnetic field stability of 1 mG, a 100 Hz stability in transition frequency requires a transition with magnetic sensitivity below 100 kHz/G. The particular transition in CaF highlighted in Fig. 1(b) has a magnetic sensitivity of only 0.104(4) kHz/G [67] , so is a good choice in this respect. The differential ac Stark shift of states |0 and |1 leads to fluctuations in ν mol if the intensity of the trap light fluctuates. Let α 1,0 I tr be the Stark shifts of |1 and |0 when the intensity at the trap centre is I tr , and let ∆α = α 1 − α 0 andᾱ = (α 1 + α 0 )/2. We assume ∆α ᾱ. If the intensity changes by δI tr , then ν mol changes by (∆α/ᾱ)(δI tr /I tr )U trap /h, where U trap is the trap depth. Taking U trap = h×1 MHz = k B ×48 µK, and δI tr /I tr = 10 −3 , a frequency stability of 100 Hz translates to the requirement (∆α/ᾱ) < 0.1. Through a careful choice of states, magnetic field magnitude, and polarization angle of the trap light, we find that it is often possible to tune ∆α to values much smaller than this [31] .
Discussion. A key ingredient of our entangling protocol is the energy shift that the DDI generates in the twomolecule spectrum. This has the same physical origin as the dipole blockade in Rydberg systems [68] [69] [70] [71] [72] [73] [74] [75] , which is at the core of the Rydberg phase gate in Ref. [68] . However, our scheme is not susceptible to decoherence and losses in the strongly interacting states because our large-EDM states are low-lying rotational states with negligible spontaneous decay rates ( 10 −8 s −1 [40] ). This highlights one of the advantages of cold polar molecules for quantum information processing [25, 26, 31, 40] .
The idea of switching the DDI that underpins our proposal is similar to the "dipolar switching" in Ref. [23] , but our proposal does not involve a static electric field or a third molecular level resonantly coupled with those in the qubit space. As a result, our proposal is simpler to implement and less susceptible to environmental perturbations. Ref. [40] has recently put forward a proposal for an iSWAP gate between molecules based on a switchable DDI. This protocol encodes the qubit states in nuclear spin states of the lowest rotational manifold, which are resonantly coupled using MWs to a rotationally excited state with rotation-hyperfine coupling. This allows control of the DDI between two molecules by moving them towards each other and then back apart. Careful timing of this sequence ensures that the two-molecule state acquires the phases required to generate the iSWAP gate. In addition, all molecular states in [40] are insensitive to electric and magnetic fields, providing protection of the gate from sources of dephasing. In contrast to this approach, our proposal involves only two levels and does not call for physical displacements of the molecules; this is a simpler approach and reduces the risk of motional excitation during the gate. We take advantage of the large Zeeman splitting between states and the high controllability and stability of modern MW sources to obtain gate times and high fidelities similar to those of Ref. [40] . Similar ideas of pulse shaping have proven instrumental in state-of-the-art multi-qubit gates in trapped-ion [42] , Rydberg-atom [76] , and superconducting-circuit [43, 44] experiments.
In summary, we have designed a protocol that uses a time-varying microwave field to entangle two polar molecules by controlling the intermolecular DDI. Our numerical results, based on levels in CaF and RbCs that are precisely known from molecular spectroscopy, demonstrate the possibility of producing maximally entangled two-molecule states with ≥ 99.9% fidelity in less than 1 ms, in a manner that is robust with respect to the main experimental imperfections. Together with singlemolecule gates that can be realised by Stark-shifting the levels of the target molecule in tweezer arrays or optical lattices, these results establish the feasibility of building a fault-tolerant quantum processor with cold polar molecules in a scalable optical setup.
The tools for controlling the states of single molecules and molecule pairs may be applied to advance other quantum technologies with polar molecules. For example, the possibility of controlling molecular EDMs with easily accessible magnetic and MW fields will expand the range of models that can be simulated using ultracold molecules [27] [28] [29] [30] [31] [32] . In addition, shaped MW pulses will allow fast control of state-dependent interactions between molecules. This can be used to explore open questions about the out-of-equilibrium dynamics of power-law-interacting quantum systems, e.g., on quantum thermalisation [77] and its interplay with conservation laws [78, 79] , the transport of excitations [80, 81] , or the spreading of correlations [82, 83] . Finally, the large EDMs achievable with dressed molecular eigenstates makes them highly sensitive to external electric fields, which can be exploited to design sensitive electrometers with molecular gases or even single molecules [33, 34] .
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A robust entangling gate for polar molecules using magnetic and microwave fields M. Hughes et al.
I. SINGLE-MOLECULE AND TWO-MOLECULE HAMILTONIANS IN THE ROTATING WAVE APPROXIMATION
We derive here in detail the effective two-molecule Hamiltonian in the rotating wave approximation, in the presence of a bias magnetic field and a nearly resonant microwave field.
A. Single molecule under MW
We start our discussion from the single-molecule case in the presence of the bias magnetic field, which reduces the effective Hilbert space to that of a two-level system, spanned by Zeeman states that we label |1 and |0 . As described in the main text, the effective Hamiltonian in the electric dipole approximation is
where I n is the n × n identity matrix, σ z = |1 1| − |0 0|, σ x = |1 0| + |0 1|, E j (B) is the eigenenergy of state j = 0, 1 as a function of magnetic field, and ν mol (B) = (E 1 (B) − E 0 (B))/h. It is now useful to move to the interaction picture with respect to the effective molecular Hamiltonian Eq. (S.1). To this end, we introduce the unitary operator U = exp(2πiν mw t/2) |1 1| + exp(−2πiν mw t/2) |0 0| (where we used the orthogonality of |0 , |1 ).
When we move to the interaction frame by the transformation U , the time evolution of a generic state vector in this frame, |ψ = U |ψ is
where we introduce the Hamiltonian in the interaction frame, H (I) . We now introduce E = (E 1 (B) + E 0 (B))/2 and ∆(B) = ν mol (B) − ν mw . Under the conditions that |∆|, Ω 2ν mw , the terms containing the exponentials e ±4πiνmwt oscillate very quickly and average to zero on the timescales set by Ω −1 , ∆ −1 , and can therefore be neglected if we are interested in the dynamics only on such timescales; this is the rotating wave approximation (RWA). Collecting all the terms, the resulting timeindependent single-molecule Hamiltonian in the interac-tion picture is that in Eq. (1) in the main text, namely
in the basis {|1 , |0 } where |0 is the state |0 shifted up in energy by hν mw . Its eigenenergies are
B. Two molecules
We now consider the case of two identical molecules separated by a distance vector R and subject to the same magnetic and MW fields. We assume that both molecules see the same MW field, E(t), which is a good approximation for separations R = |R| c/ν mol (≈ 3 cm for ν mol ≈ 10 GHz), with c the speed of light. Therefore, the Hamiltonian describing the two-molecule system is the sum of the two single-molecule Hamiltonians and the dipole-dipole interaction between the two molecules:
Here, A, B label the two molecules, and H j = H
mol is the Hamiltonian describing the internal space of molecule j = {A, B} in the presence of the magnetic and MW fields [Eq. (S.1)]. As described in the main text, H ddi can be written
in the basis {|11 , |10 , |01 , |00 } of the two-molecule space where the two-molecule basis states are defined as product states,
As with the single-molecule problem, it is useful now to move to the frame rotating at frequency ν mw , using the unitary transformation
with γ = 2πν mw t.
The non-interacting part of the Hamiltonian trans-forms to
with the matrix expression evaluated in the basis {|11 , |10 , |01 , |00 }. Here, Ω ± = 1 2 (1 + e ±2iγ )Ω and the detuning is ∆(B) = ν mol (B) − ν mw as before.
For the DDI contribution,
with V = V ddi in case (i), V = 0 in case (ii), and V = −2V ddi in case (iii), depending on the orientations of the molecules, as described in the main text. Hence, collecting all terms,
in the basis {|11 , |10 , |01 , |00 } of the rotating frame. As before, we assume {|∆|, Ω} ν mw , and also |V |/h ν mw . If we are interested in the dynamics at times scales longer than {1/∆, 1/Ω}, we can neglect the terms oscillating at ±4πν mw , i.e., set Ω ± → Ω/2 and exp(4πiγ) → 0. In this RWA, the two-molecule Hamiltonian is
Here σ + j = |1 j 0| and σ − j = (σ + j ) † are the raising and lowering operators in the qubit space of molecule j in the rotating frame. The terms in Eq. (S.11) involving ∆ and Ω arise from the single-molecule coupling to the MW field, while the last line describes the DDI in the rotating frame. This comprises exchange processes of the form |01 ↔ |10 . Double-flip processes (i.e., transitions |11 ↔ |00 ) involve the absorption or emission of two MW photons and are neglected in the RWA.
In the basis {|11 , |10 , |01 , |00 } of the rotating frame, this Hamiltonian can be written as the matrix
The avoided crossing between two levels of the singlemolecule problem now translates into a set of avoided crossings among the four two-molecule states. Finally, we express H 2mol in the basis {|11 , |Ψ + , |00 , |Ψ − }, which shows explicitly how the symmetric and antisymmetric subspaces decouple:
This expression agrees with Eq. (3) in the main text. It makes it clear that the DDI shifts the states |Ψ ± away from the crossing that would occur on resonance (∆ = 0), resulting in the separation into three distinct crossings within the symmetric subspace in Fig. 2 in the main text.
II. EFFECT OF THERMAL EXCITATIONS
We discuss briefly the effect of thermal excitation, resulting in a distribution of the motional quantum number, n, of each molecule in its trapping potential. We assume effective cooling towards the motional ground state, so thatn 1. Then, the effect of thermal excitation can be understood by truncating the space of motional excitations to a maximum of n = 1 in total for both traps.
The infidelity due to such motionally excited states can be reduced by assuming that these states are not coupled by the MWs to the ground motional state. This is a reasonable approximation given the very small momentum recoil associated with the absorption or emission of a MW photon of frequency ν mol , i.e., the system is in the Lamb-Dicke regime. As we demonstrate in the following, under these conditions, it is possible to design an optimal pulse that takes an initial state that is a product of internal and thermal motional states, ρ(t = 0) = ρ int ⊗ ρ motion , and drives it into ρ(t = τ gate ) = (T ρ int ) ⊗ ρ motion , and thus implements the desired quantum gate irrespective of motional excitations.
To start, let us consider the energies of the twomolecule system as a function of ∆ in the case where one molecule is in the motional ground state, n A = 0, and the other in n B = 1; these are shown in Fig. S.1 . Here, we have taken the difference in trap frequency for states |0 and |1 to be δf trap = 1 kHz. We choose this large value to illustrate clearly what happens. The other parameters are identical to those used in Fig. 2 . There are two main differences compared to Fig. 2(a) . First, the pattern of levels is shifted in ∆ by δf trap /2. This error in ∆ reduces the fidelity of the entangling protocol by the amount shown in Fig. 3(a) for the simple Gaussian pulse or in Fig. 3(b) for the GRAPE pulse. Secondly, the antisymmetric state |Ψ − , which has a constant eigenenergy V when Ω = 0 and δf trap = 0, no longer completely uncouples from the symmetric subspace. Instead, avoided crossings open up between |Ψ − and |00 at negative ∆, and between |Ψ − and |11 at positive ∆. They arise because the states |0, n = 0 A |1, n = 1 B and |1, n = 0 A |0, n = 1 B are not degenerate when δf trap = 0. As a result, terms that can couple |Ψ − to the other states no longer cancel in second-order perturbation theory. The widths of these avoided crossings scale with Ω and with δf trap . For all relevant values of δf trap , these new avoided crossings are smaller than the one at ∆ = 0. A similar level scheme exists for the states with motional excitations n A = 1, n B = 0 and, higher in energy, for states with n A = n B = 1, and so on.
If the trapping conditions are the same for both molecules, in particular if the light intensities on both molecule locations are the same, there is no mechanism for the molecules to exchange motional excitations. Then we can consider each of the motional subspaces with at most one motional excitation (n A , n B ) = {(0, 0), (0, 1), (1, 0)}, decoupled from the others. Under these assumptions, if the two-molecule state is a product of internal and motional states, the unitary operator
generates the desired gate in the internal space for all three motional subspaces for generic states that are a product of internal and motional states. In practice, it is difficult to design a pulse that ensures this equality in phases, but we can still design a pulse assuming the relevant situation that the motional part is an incoherent superposition of motional states, such as a thermal state. Then, we can write the two-molecule state in the form
with ρ motion = nA,nB p nA,nB |(n A , n B ) (n A , n B )|. Consider now a unitary operator of the form
The unitary operator U generates a different phase in each motional subspace, but all internal states acquire the same motional phase within that motional subspace |(n A , n B ) , i.e., apart from the motional phases, all internal states are transformed according to the desired T .
The action of U in Eq. (S.16) on ρ is:
This means that, as long as the motional part is an incoherent superposition of motional eigenstates, it suffices to design a pulse that implements our target gate T with high fidelity in each motional subspace separately, as the motional phases φ nA,nB will not appear in the transformed state, U † ρU .
We show in Fig. S.2(a,b) the Rabi frequency amplitude and phase of a pulse designed in this way. Fig. S .2(c) shows the fidelity of the time evolution generated with this pulse as a function of detuning and relative Rabi frequency. We calculate the fidelity by numerically determining the motional phases, φ nA,nB , generated and using F = tr (T ⊗ U motion ) † U (τ gate ) , with U (τ gate ) the unitary operator evolving the two-molecule state in the full 12 × 12 (internal ⊗ motional) space. We observe that it is possible to achieve fidelities F ≥ 0.999, which supports the robustness of our approach to entangle two molecules even in the presence of some residual incoherent motional excitation.
In practice, the effectiveness of this approach is constrained to well cooled samples, T hf trap /k B , because the complexity of the pulse optimisation grows quickly as one requires it to generate the same phases on the internal states for an increasing number of motional state blocks, cf. Eq. (S.16).
III. ENTANGLING GATE CALCULATIONS
FOR 87 Rb 133 Cs MOLECULES
The same coupling scheme and entangling gate can also be applied to RbCs. For this molecule, we label the states |(N, m F ) j , where j indexes levels with the same N and m F in ascending order of energy, starting from j = 0. We set a magnetic field of 181.5 G to separate the Zeeman states and choose |0 = |(0, 4) 1 and |1 = |(1, 4) 1 as our qubit states. These levels have a transition dipole moment d 10 = 0.482 D when π polarised microwaves of frequency ν mol = 980.138 MHz are applied in a tweezer trap of intensity 5 kW/cm 2 . As for the CaF states discussed in the main text, these states are chosen to optimise the stability of ν mol to fluctuations in the tweezer light intensity and magnetic fields.
The calculations for the two-qubit gate in the absence of motional excitations only depend in practice on the magnitude of V ddi . It follows that the same optimised pulse used for CaF can be used with RbCs, once the Rabi field amplitude and times are scaled accordingly: Thus, we can generate the same entangling gate between two RbCs molecules in a time τ RbCs gate = τ CaF gate /ζ using Rabi frequencies scaled by a factor ζ. The fidelity shows the same robustness against detuning and noise in the Rabi frequency, f Ω , behaviour as in Fig. 3 in the main text, apart from a rescaling of the detuning axis. For example, given d 10 = 0.482 D, if the two RbCs molecules are trapped in optical tweezers 0.8 µm apart (as for CaF in the main text), we obtain ζ = (0.482/1.77) 2 ≈ 0.074: the entangling gate can be generated in (0.54 ms)/ζ ≈ 7.3 ms. If the molecules are trapped instead in an optical lattice with lattice constant 532 nm, ζ = (0.482/1.77) 2 × (800/532) 3 ≈ 0.25, and the entangling gate can be run in ≈ 2.2 ms.
